Motivated by specific applications, electrostatically actuated bistable arch shaped micro-nano resonators have attracted growing attention in the research community in recent years. Nevertheless, some issues relating to their nonlinear dynamics, including the possibility of chaos, are still not well known. In this paper, we investigate the chaotic vibrations of a bistable resonator comprised of a double clamped initially curved microbeam under combined harmonic AC and static DC distributed electrostatic actuation. A reduced order equation obtained by the application of the Galerkin method to the nonlinear partial differential equation of motion, given in the framework of Euler-Bernoulli beam theory, is used for the investigation in this paper. We numerically integrate the obtained equation to study the chaotic vibrations of the proposed system. Moreover, we investigate the effects of various parameters including the arch curvature, the actuation parameters and the quality factor of the resonator, which are effective in the formation of both static and dynamic behaviors of the system. Using appropriate numerical tools, including Poincaré maps, bifurcation diagrams, Fourier spectrum and Lyapunov exponents we scrutinize the effects of various parameters on the formation of chaotic regions in the parametric space of the resonator. Results of this work provide better insight into the problem of nonlinear dynamics of the investigated family of bistable micro/nano resonators, and facilitate the design of arch resonators for applications such as filters.
Introduction
Bistable micro-and nano-electro-mechanical systems have received considerable amount of attention in the research community recently. The growing interest in this field is motivated by applications such as microrelays [Miao et al., 2011] , switches [Wu et al., 2010] , microvalves [Sutanto et al., 2007] , MEMS/NEMS based memories [Uranga et al., 2013] , filters [Ouakad & Younis, 2014] , etc. Bistable devices are capable of operating in more than one stable configuration for the same values of all effective geometrical and excitation parameters. A double clamped arch shaped microbeam constitutes a typical bistable device which is capable of operating in two convex and concave stable configurations. Both micromachining and buckling of straight beams under compressive axial stress can result in the curviness of this type of bistable elements [Younis et al., 2010] . Transition between the convex and concave configurations occurs precipitately due to a nonlinear phenomenon, known as snap-through. This precipitate motion is possible to be triggered by various drive mechanisms including electrostatic [Krylov & Dick, 2010] , electromagnetic [Han et al., 2002] , mechanical touch [Qiu et al., 2004] , light pressure [Sulfridge et al., 2004] and electro-thermal [Michael & Kwok, 2006] .
In addition to snap-through, electrostatically actuated bistable MEMS-NEMS undergo pull-in as a nonlinear phenomenon which is responsible for the sudden collapse of the structure due to the intrinsic softening effect of the electrostatic force. This nonlinear phenomenon is common in most of the electrostatically actuated MEMS-NEMS, and extensive theoretical and experimental studies have been reported targeting pull-in as either undesirable or desirable phenomenon in applications such as capacitive MEMS [Lakrad & Belhaq, 2011] or RF MEMS switches [Rebeiz, 2003] , respectively. Zhang et al. [2014] have recently reviewed the progress in the study of pull-in instability in MEMS-NEMS.
Static pull-in and snap-through behaviors of electrostatically actuated bistable MEMS have already been reported in the literature. A group of researchers, [Krylov et al., 2008; Krylov & Dick, 2010] , investigated the pull-in and snap-through instabilities in the electrostatically actuated microarches, both theoretically and experimentally. Zhang et al. [2007] studied snap-through in an arch shaped beam as a fast no-power-consuming phenomenon. Krylov et al. [2011] have presented discussions on the characteristics of arch-shaped free-of-pull-in MEMS actuated by fringing electrostatic field.
A few groups have studied the resonance behaviors and nonlinear dynamics of the electrostatically actuated micro arches. Casals-terré et al. [2008] studied the possibility of the transition between the stable configurations of an initially curved microbeam with snap-through triggered by mechanical resonance. Younis et al. [2010] investigated the nonlinear dynamic behaviors including softening type frequency responses, dynamic snap-through and pull-in, both theoretically and experimentally. Later, they suggested the application of the arch resonators as band-pass filters [Ouakad & Younis, 2014] . Recently, Tajaddodianfar et al. [2015] have reported the implementation of an analytical approach, namely the homotopy analysis method, in order to derive analytical solutions for the nonlinear vibrations of the electrostatically actuated initially curved resonator.
Due to various nonlinearities, MEMS-NEMS are susceptible to experience chaos in their working regimes which can be a desirable behavior in some specific applications such as very sensitive sensors. Seleim et al. [2011] scrutinized the nonlinear dynamics of a closed loop cantilever MEMS resonator. They found steady state chaotic strange attractors at various excitation levels, and suggested the application of the chaotic resonator for the construction of highly sensitive sensors. Implementation of chaotic resonators in sensing applications is also discussed in [Yin & Epureanu, 2007] . Chen et al. [2010] investigated period-doubling bifurcations, followed by chaotic nonplanar vibrations, in an electrically-driven suspended silicon nanowire; furthermore, they suggested potential applications such as nano-scale random number generator for their system. Later, Ni et al. [2013] scrutinized the nonlinear dynamics of the same system, showing that multistability in an electrically driven silicon nanowire leads to chaotic regimes. In most applications, chaos is interpreted as an undesirable phenomenon which deteriorates the device performance. Thus, many researchers have attempted to determine chaotic regions and avoid them in design and practice. Park et al. [2008] studied the chaotic response of a MEMS resonator and implemented a control strategy for the suppression of chaos, and consequently, performance enhancement. Hessari et al. [2014] argued that electrically driven nanowires, subjected to an optimal level of white or colored noise, are capable of avoiding chaos and presenting more regular oscillations. Demartini et al. [2007] implemented the Melnikov method to describe the chaotic region in parameter space of a micro-electro-mechanical oscillator. Other researchers also used the Melnikov method to predict chaos in MEMS resonators [Haghighi & Markazi, 2010; Siewe & Hegazy, 2011] . Ruzziconi et al. [2013] have numerically investigated the chaotic behavior of an imperfect electrostatically actuated microbeam. Nonlinear dynamics and chaos in a MEMS array is also studied in [Gutschmidt & Gottlieb, 2010] . Chen et al. [2013] have proposed a novel concept to enable coupled MEMS/NEMS resonators, due to their enriched nonlinear dynamics, to robustly operate under external impulsive disturbances. Recently, Maani Miandoab et al. [2014] have analytically investigated chaos in MEMS/NEMS resonators. Moreover, they have reported further discussions on the nature of chaotic vibrations in the MEMS/NEMS resonators .
Though significant progress has been made in the analysis of the arch MEMS/NEMS resonators, some of the main issues are still under question. Among these issues is the possibility of chaotic vibrations in this family of bistable resonators. This paper targets the investigation of chaos in a bistable micro/nano resonator comprised of a double clamped arch shaped micro/nano-beam under combined static DC and harmonic AC distributed electrostatic actuation. The nonlinear equation of motion, described in the framework of the EulerBernoulli beam assumptions, is converted to a dimensionless single degree of freedom equation of motion using the Galerkin decomposition method. We investigate the chaotic behavior of the resonator using the numerical simulations of the obtained equation as well as effective numerical tools including phase plane and bifurcation diagrams together with the Poincaré maps, Fourier spectrums and Lyapunov exponents. To scrutinize in detail the effects of various parameters on the formation of chaotic vibrations, we divide the effective parameters into two major groups. The first group renders the static bistable nature of the arch, while both groups are effective in the overall dynamic response of the resonator. Using the aforementioned numerical tools, we investigate the chaotic behavior of the resonator; also, we describe the effects of parameters, and propose the chaotic regions in the parameter space of the resonator. Results of this work provide a clear insight into the problem of nonlinear dynamics and chaos in the investigated family of bistable resonators. Moreover, by elucidating the effects of geometrical and actuation parameters on the formation of chaos, this work leads to the effective design of bistable micro/nano resonators for specific application, such as filters.
The rest of the paper is organized as follows. In Sec. 2, mathematical modeling of the arch resonator is described and the reduced order model is presented. Section 3 describes the static and dynamic requirements for chaos by dividing the effective parameters into two groups and characterizing their effects. In Sec. 4, results of numerical analysis are presented and chaotic regions are described. Further discussions and conclusions are presented in Sec. 5.
Mathematical Modeling

Reduced order model
A double clamped arch shaped microbeam of length L, width b, thickness d under combined harmonic AC and static DC distributed electrostatic actuation, as shown in Fig. 1 , is investigated in this paper. Having the initial curvature of w 0 (x) with h 0 = w 0 (L/2), the arch's displacement under the electrostatic load is given by w(x, t) in the direction shown.
Using the given coordinates and parameters, the arch's equation of motion in the framework of Euler-Bernoulli beam assumptions is derived Fig. 1 . Schematic of the investigated arch resonator.
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where A is the cross-sectional area and C v is the viscous damping coefficient; whileẼ, I y , ρ and Ω 0 represent the effective Young's modulus, area moment of inertia, mass density and the harmonic load frequency, respectively. Also, ε 0 = 8.854 × 10 −12 F/m is the vacuum permittivity. Clampedclamped boundary conditions, imposing the arch's deflection and its spatial derivative to be zero at both ends, are also aligned with Eq. (1). We further suppose that the amplitude of the harmonic load is small compared to that of the DC static load, imposing a small value for the ratio R = V AC /V DC . Thus, using the nondimensional quantities given in Table 1 , Eq. (1) is converted to the following dimensionless form:
Note that, based on the coordinate system given in Fig. 1 , the initial curvature function w 0 (x) is replaced by −h 0ŵ0 (x); whereŵ 0 (x) is a dimensionless function with the propertyŵ 0 (1/2) = 1 and satisfying boundary conditions. Also, the dimensionless quantity θ 1 , called the stretching parameter, reflects the midplane stretching nonlinear effects;
while the dimensionless DC voltage parameter β is associated with nonlinear electrostatic effects. For the derivation of a single-degree-of-freedom model using the Galerkin projection method, the arch deflection is supposed to be approximated by its first mode shape:
where ϕ(x) represents the first mode shape of a clamped-clamped straight beam [Krylov et al., 2008] . Introducing (3) into (2), multiplying both sides by ϕ(x), integrating over the arch length and following straight-forward mathematical procedure, the following reduced-order equation is derived:
where:
Since the nonlinear integral arising in Eq. (4) does not have analytical solution, one can simplify it by further assuming that the mode shape ϕ(x) is approximated by a simple function: ϕ(x) (1 − cos(2πx))/2. This yields a simple analytical form for the modal electrostatic load [Krylov & Dick, 2010] : 
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Moreover, using a new dimensionless time variable τ =t α 10 /m 11 , Eq. (4) is converted to the following form which will be used for our investigations in the rest of paper .
with µ =Ĉ v m 11 /α 10 , α = θ 1 α 2 11 /α 10 and ω 0 = ω 0 m 11 /α 10 . We assume here that the DC load is applied primarily. Then, right after the arch comes to rest in an equilibrium position, the small amplitude AC load is applied triggering vibrations in the vicinity of the equilibrium state. Moreover, we assume that the AC actuation frequency is close to the fundamental frequency of the arch:
where q 0 represents the equilibrium position, σ is a detuning parameter, and F (q) is given by Eq. (10).
Potential energy and bistability
To derive the arch's potential function, we first neglect the damping and AC actuation terms from Eq. (10). Then, the potential function U (q) can be easily calculated by integrating F (q) as follows:
It is clear that the shape of the potential function depends on q and consequently on β and h. Moreover, fixed points of Eq. (10) are equal to the extremums of U (q). Thus, for various values of β and h, various numbers of minima and maxima appear in the potential function. For certain values of h > h * , for which bistability occurs [Krylov & Dick, 2010] , different shapes of U (q) are possible depending on the applied DC voltage denoted by parameter β. We can sort the possible potential function shapes into three major categories in Table 2 . Note that both q 01 and q 02 represent the 
stable fixed points, where q s and q p stand for the unstable fixed points relating to the snap-through and the pull-in instabilities, respectively. Table 2 clarifies that the arch is bistable only for special values of h and β. These values constitute the bistability region which is discussed and calculated later in this paper. However, in the bistability region the system presents a mainlyasymmetric double-well potential function; thus it can be vulnerable to nonlinear behaviors including snap-through and chaos [Moon, 2004] . Moreover, one can find that for the Category C in Table 2 , the system is severely susceptible to dynamic pullin; thus, neither bistable nor chaotic behavior is expected in this case. For the investigation of chaotic behavior of the arch, as the main purpose of this paper, we focus on Category B representing the bistable arch with the possibility of chaotic behavior.
Chaotic Behavior Analysis
In this section, we aim to study the chaotic vibrations of the bistable MEMS resonator governed by Eq. (10). It is clear that a series of structural and loading parameters are effective in the overall behavior of the arch resonator. In order to study the effects of these parameters, it is helpful to arrange them into two groups. The first group including initial rise parameter (h) and DC voltage parameter (β) constitute the potential energy function, as described in Table 2 . Thus, they are mainly effective in the formation of bistable behavior. The second group includes AC voltage parameter (R), actuation frequency (ω 0 or equivalently the detuning parameter σ) and damping parameter (µ). Note that the first group of parameters governs the static behavior of the arch while both groups affect its dynamic behavior. In the following, the aforementioned arrangement of parameters is used for the study of arch bistability and its chaotic vibrations.
Static requirements
Using the first group of parameters, including h and β, static requirements are derived. As mentioned before, bistability is the first necessary condition for possibility of the snap-through, and hence, chaotic vibrations. The other necessary condition comes from arch's potential energy function where it is found that for the possibility of snap-through without pull-in, the potential energy of the pullin saddle point should be larger than that of snap-through saddle point. Otherwise, the arch undergoes pull-in immediately after dynamic snapthrough, as in Category C in Table 2 . Thus the two necessary conditions for possibility of snap-through without pull-in are summarized as follows:
(1) The arch should be statically bistable depending on values of h and β (2) U (q s ) < U(q p ).
In order to derive appropriate relations for these conditions, DC voltage parameter (β) is first obtained from the static equilibrium equation, F (q) = 0 in Eq. (10) with neglected AC load. Then for a given h, critical values of β are found using the following equation:
All the critical values of β including static pullin, snap-through and snap-back values are obtained using Eq. (13). These critical values are shown in Fig. 2 . Note that the term "snap-back" refers to backward snap-through which returns the arch to its initial configuration. Figure 2 is plotted for an arch of length L = 1000 µm, d = 3 µm, b = 30 µm and g 0 = 10µm; which result in dimensionless parameters α = 7.993 and α 10 = 198.462. These parameters are used throughout this paper. Static bistability of the arch is already investigated by [Krylov & Dick, 2010] . Here, we present a Table 2 . more detailed analysis for the description of bistability region in parameter space. As shown in Fig. 2 , bistability region in h-β plane is bounded from left by snap-back curve, from right by pull-in curve and from bottom by snap-through curve. Thus, the first condition is satisfied for values of h and β within this area. Figure 2 suggests that for bistability of the arch to be possible, the initial rise parameter should be greater than a critical value. This is compatible with what is already reported in [Krylov & Dick, 2010] . Moreover, it is easily found that for given value of h, when the potential of the pull-in saddle point is smaller than the potential of the snapthrough saddle point, the system is vulnerable to pull-in when the vibrations approach the dynamic snap-through. This is what happens in Category C of Table 2 and is characterized by points within the described bistability region with the property U (q s ) = U (q p ), as shown in Fig. 2 . Thus, provided that h and β lie within the shaded area in Fig. 2 , the system can retain its stable configuration after snap-through, allowing transition between the stable configurations of the arch. Therefore, values of h and β within the shaded area in Fig. 2 represent Category B in Table 2 , and are the most likely values for the study of bistability and chaotic vibrations.
Dynamic requirements
The second group of parameters, including damping ratio µ, AC voltage parameter R and actuation frequency ω 0 are responsible for the dynamic behavior of the arch resonator. Also, due to resonance, the arch presents a softening type nonlinear frequency response. This behavior is already investigated in the literature [Younis et al., 2010; Tajaddodianfar et al., 2015] and is characterized by a frequency response curve shifting to left and gaining its maximum at negative values of σ. Figure 3 depicts the ratio of output amplitude to input harmonic actuation amplitude parameter versus frequency detuning parameter for h = 0.36, β = 129, R = 0.02 and µ = 0.03 obtained by numerical simulation of Eq. (10). The maximum value of the response amplitude depends on the damping ratio, the amplitude and frequency of the actuation force. Provided that the system response approaches the homoclinic orbit, the system is possible to undergo homoclinic chaos. Effects of various parameters on this chaotic behavior are discussed in the following. 
Numerical Study of Chaotic Behavior
In this section, we use numerical simulations of Eq. (10) in order to investigate the chaotic vibrations of the system, and to study the effects of various parameters. For this aim, regarding bistability region given by shaded area in Fig. 2 , several couples of h and β are selected. Then, for each pair two values of damping ratio representing high and low quality factors of the resonator are selected. Finally, for each set of parameters h, β and µ, six separate values for the actuation frequency near the fundamental frequency are assigned. Numerical simulations start with the system initially at rest in the equilibrium state with lower potential energy; moreover, to study the effect of actuation amplitude, simulations beginning with small values of R, are performed for a long time τ = 9000, and after recording the corresponding Poincaré section, R is increased for a small value dR = 0.001 and the procedure is continued until the simulation is halted due to dynamic pull-in. At each step, the final states of the system at the end of integration are chosen as the initial condition of the integration in the next step. Bifurcation diagrams versus R are obtained for each set of other parameters h, β, µ and ω 0 (or equivalently the detuning frequency parameter σ). Fig. 4(b) . In all presented bifurcation diagrams, the vertical axis displays q component of the corresponding Poincaré map, while horizontal axis represents excitation amplitude parameter [Wiggins, 2003] . Potential functions associated with these simulations are displayed in the insets of Fig. 4 , too. For the arch with lower initial rise, the smallest value of the excitation amplitude leading to a chaotic behavior is found to be R = 0.013. Figure 5 , displays phase plane diagram and Poincaré map for this critical value, and confirms the chaotic behavior of the system. The homoclinic orbit is highlighted in Fig. 5(a) . One finds that though both setups of Fig. 4 have bistable potential functions, the setup with lower value of initial rise presents chaotic vibrations; while, for higher value of h, steady state chaotic vibrations are rarely observed. This deduction is verified by other simulations and the results suggest that arch resonators with smaller values of initial rise are more vulnerable to chaotic vibrations; while, arches with higher initial rise are more susceptible to periodic responses and dynamic pull-in. 
Effects of the initial rise
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In our simulations we have observed chaotic vibrations mainly for arches with h ≤ 0.34; thus, we investigate in detail the chaotic behavior of these type of arches.
Effects of damping ratio
Quality factor of the resonator, or equivalently the damping ratio µ, has a crucial role in the formation of the system overall behavior, and consequently, its chaotic vibrations. In order to investigate in detail the effects of the damping ratio on the chaotic behavior of the system, we have conducted simulations with relatively large and small damping ratios, representing low and quality factors, respectively.
Chaotic behavior for large damping ratio
For each selected couple of h and β associated with the desired bistability region in From the simulation results, one can find that the system presents periodic vibrations for very small values of excitation amplitude. As the AC actuation amplitude increases, the system response reaches the homoclinic orbit due to resonance; and consequently, undergoes homoclinic chaos for a range of actuation amplitudes. For instance, in Fig. 6(b) the system presents steady state chaotic vibrations for R ∈ [0.023, 0.045]. For larger values of R, the system can present either chaotic or periodic behavior up to the dynamic pull-in. We can determine the minimum excitation amplitude required for chaotic behavior R chs and also the critical excitation amplitude associated with the dynamic pull-in R pullin from the obtained bifurcation diagrams. For the sake of comparison, we can plot the obtained critical values versus actuation frequency represented by detuning parameter σ. Figure 7 illustrates the variation of critical values R pullin and R chs versus the frequency detuning parameter σ. Figure 7 The same is done in Fig. 7(b) , except that h = 0.32 is associated with this diagram. Figure 7 suggests that for smaller values of σ, the system can present homoclinic chaos with smaller values of excitation amplitude. This is consistent with the softening type frequency response of the arch, given in Fig. 3 , which clarifies that the maximum response amplitude occurs at negative values of σ. As the actuation frequency increases, the arch can tolerate higher excitation amplitudes without undergoing chaotic vibrations. This constitutes a critical ascending curve in Fig. 7 denoted by R chs below which the steady state chaotic vibrations are not expected. Moreover, Fig. 7 elucidates that for smaller values of DC voltage parameter within the bistability region, the system can tolerate larger values of excitation amplitude without presenting chaotic behavior. One can also find from Fig. 7 that the excitation amplitude associated with the dynamic pull-in decreases for larger initial rise parameters. This is also seen in Fig. 4 where we concluded that the arches with larger initial rise are more vulnerable to dynamic pull-in. For further study of the nature of chaos in the resonator with high damping ratio, we can focus on the corresponding Poincaré map, Fourier spectrum and Lyapunov exponents, given in Fig. 10 in Appendix A.
Chaotic behavior for small damping ratio
As before, we have performed simulations for various values of h and β within the bistability region with a small value of µ = 0.01 representing arch resonator with high quality factor. Bifurcation diagrams for various values of frequency detuning parameter σ are derived via the numerical simulations. Figure 8 displays bifurcation diagrams for h = 0.30, β = 115, µ = 0.01 and three values of frequency parameter σ. Upon comparison one discovers the qualitative difference between bifurcation diagrams for small damping ratios given in Fig. 8 with those given in Fig. 6 for larger damping coefficient. As the first difference, the chaotic band associated with small values of excitation amplitudes is very narrow for small damping values. For instance, a chaotic band at small excitation amplitudes is seen at Fig. 8(a) for R ∈ [0.013, 0.015]. This chaotic band is even narrower at other frequencies, which suggests that as the damping ratio decreases the system is less susceptible to homoclinic chaotic vibrations at very small excitation amplitudes.
The second characteristic of Fig. 8 is that other bands of chaotic behavior are born for average values of excitation amplitude. For instance, a chaotic band associated with R ∈ [0.089, 0.098] is seen in Fig. 8(a) . This band shifts to right in Fig. 8(b) where it is observed for R ∈ [0.144, 0.157]. Finally, the chaotic band disappears in Fig. 8(c) .
For better understanding of the chaotic behaviors associated with bifurcation diagrams with small damping parameter, we can draw the critical chaos and pull-in excitation amplitudes versus frequency detuning parameter. Since we can detect at least two chaotic bands, we denote the smallest chaos-inducing excitation amplitude by R chs1 , while the second chaos-inducing excitation is denoted by R chs2 . Figure 9 illustrates the results of the numerical simulations and depicts critical pull-in and chaos-inducing excitation amplitude versus frequency parameter for µ = 0.01 and various values of DC voltage parameter β with h = 0.30 and h = 0.32 for Figs. 9(a) and 9(b), respectively. 
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F. Tajaddodianfar et al. The trend of variation of R chs1 and R pullin in Fig. 9 is like what we have explained before in Fig. 7 and is similar to what is seen in typical resonators. It is clear that as σ increases in Fig. 9(a) , R chs2 grows and tends to reach the dynamic pull-in line. When σ is sufficiently large, R chs2 intersects the pull-in line; and consequently, the system undergoes dynamic pull-in prior to displaying chaotic behavior associated with R chs2 . This justifies why the chaotic band at large amplitudes is not seen in Fig. 8(c) . When the initial rise parameter grows, R pullin decreases; consequently, the pull-in line intersects the R chs2 line in Fig. 9(b) at lower frequencies. Thus, simulations do not present steady state chaos at higher values of σ. This is more evident at higher initial rise values, and is consistent with our previous conclusion that the arch resonators with higher initial rise and low damping ratio are more vulnerable to dynamic pull-in and periodic vibrations rather than chaos.
For a better comparison between the patterns of chaos occurring in small actuation amplitudes, denoted by R chs1 , and in larger actuation amplitudes, denoted by R chs2 , we can study the Poincaré maps, Fourier spectrums and Lyapunov exponents corresponding to the different regions of chaotic vibrations. This is presented in Appendix A; where, Figs. 11 and 12 display the corresponding results associated with Fig. 8(a) with R chs1 = 0.013 and R chs2 = 0.095, respectively. Results show that when the system undergoes chaos at larger actuations associated with R chs2 , the system trajectory sweeps a very large area in its phase plane and presents wider band of frequencies in its output in comparison to what is shown at smaller amplitudes.
Conclusions and Discussions
We have investigated the chaotic behavior of a bistable resonator comprised of an arch shaped doubly clamped shallow microbeam under combined harmonic AC, with its frequency close to the arch's fundamental frequency, and static DC distributed electrostatic excitation. We conducted numerical simulations of the single-mode ordinary differential equation to study the possibility of chaotic vibrations and the effects of various parameters on these nonlinear behaviors.
We have classified the possible resonator setups into three categories based on the characteristics of the potential energy function of the system; then we have focused on one of the categories capable of showing chaos because of both bistability and possibility of undergoing snap-through before pull-in (Category B). We have limited our study to arch setups with all of the geometric parameters fixed except initial rise parameter h; the effect of which on the bistability and chaos is our investigation goal. We have also expanded our studies to the effects of other parameters including the DC voltage parameter β, the AC voltage amplitude parameter R, the excitation frequency ω 0 and the damping ratio of the resonator µ on the bistability of the resonator and its chaotic behavior.
In order to have an efficient discussion on the effects of various parameters, we divided the effective parameters into two main groups. The first group, including initial rise h and DC voltage parameters β, necessitate the static bistable behavior of the arch; while, the second group including damping ratio, AC voltage amplitude and frequency as well as the first group are related to the dynamic behavior of the system. Along this point of view, we first discussed the conditions of static bistability. Then, we introduced the shaded area in Fig. 2 , as a desired statically bistable region in h-β plane, which is a good candidate for the study of nonlinear vibrations and chaos.
We can summarize the effects of various parameters on the nonlinear and chaotic response of the arch resonator as the following:
• Effects of the initial rise parameter :
Parameter h characterizes the arch's geometry by describing its curvature. Provided that h is within the interval given by the shaded area in Fig. 2 , the arch would present static bistability. However, we showed that, to have a bistable resonator, not only the arch's initial rise should be greater than a specific threshold already described by Krylov et al. [Krylov & Dick, 2010] , but also the DC voltage parameter should be smaller than a characterizing value. Thus, we studied the nonlinear dynamics of the arches with initial rises within this interval. Numerical simulations show that, for small values of h within the specified interval, the arch is susceptible to chaos at specific values of excitation amplitude. As the initial rise increases, the possibility of the dynamic pull-in grows. So, the arches with higher initial rise are more vulnerable to dynamic pull-in rather than chaos. This suggests that for applications needing bistable vibrations of the arch, as in filters, chaos should be avoided by implementing deeper arches. Yet, this deepness should not result in imminent pull-in. When the initial rise of the arch is appropriately tuned, the arch can present bistable vibrations allowing the periodic steady state motion to transfer between the domains of attraction of each of the stable configurations. This type of bistable vibrations and the relevant application in filters [Ouakad & Younis, 2014] are already discussed in the literature.
• Effects of the DC voltage parameter :
The DC voltage parameter β is also forced to stay within a specific interval, shown in Fig. 2 , in order to guarantee the static bistability of the arch. Provided that β is within the interval given by the shaded area in Fig. 2 , firstly, the arch would present static bistability, and secondly, the arch would not undergo pull-in in the aftermath of the static snap-through. Furthermore, for a fixed value of initial rise parameter h, variation of β affects the value of the potential energy at its extremums; thus, it affects the symmetry and amplitude of the homoclinic orbit in the system phase plane. Since the dynamic snap-through is expected by reaching the system trajectory to the snap-through homoclinic orbit, then β can affect the value of other dynamic parameters required for dynamic snap-through or chaos.
• Effects of the AC actuation frequency:
As shown in Fig. 3 , the investigated arch resonator presents softening type nonlinear frequency response, indicating that the maximum amplitude of the system response occurs at frequencies smaller than the first natural frequency of the arch. Thus, for negative values of frequency detuning parameter σ, the system can reach the snap-through homoclinic orbit at smaller excitation amplitudes. Provided that other conditions are satisfied for chaos, this implies that the system can tolerate smaller excitation amplitudes before undergoing chaos for negative values of σ.
• Effects of the AC actuation amplitude:
As shown in bifurcation diagrams throughout the paper, the AC actuation amplitude parameter R plays a crucial role in the formation of the system response. For very small values of R the arch resonator vibrates in the neighborhood of its equilibrium state. As R increases, the system response reaches the homoclinic orbit and undergoes chaos if h is sufficiently small. By further growth of R periodic solutions emerge, and it is possible for the system to show chaos at higher values of R.
Sufficiently large values of R result in the system collapse due to dynamic pull-in.
• Effects of the damping ratio:
We have studied the effects of damping on the chaotic response of the resonator by conducting simulations with fixed values of all parameters and with two values of µ describing resonators with high and low quality factors. We have showed that at least two mechanisms are responsible for the presentation of chaos in the arch resonator. The first mechanism occurs at very small excitation amplitudes and is severe for arches with small initial rise. This chaos mechanism exists both in small and large damping ratios; but, the corresponding range of chaotic R is wider at large damping ratio. As the excitation frequency increases, the required R for presentation of chaos with this mechanism increases. This chaos mechanism is depicted by a curve in R-σ parametric space, as shown in Fig. 7 by the curve R chs and in Fig. 9 by the curve R chs1 .
The critical R required for presentation of chaos with the second mechanism increases as the frequency of the actuation grows; which is depicted in R-σ parametric space by R chs2 in Fig. 9 . This mechanism is mostly clear in arch resonators with small damping ratio. The distinctions between the chaotic patterns of the proposed two mechanisms, as well as the distinction between chaotic patterns in small and high damping ratios, are also presented and discussed.
Results of this paper clarify effects of various parameters in the nonlinear and chaotic behaviors of the arch resonator; thus, they are helpful in the design of arch resonators for which better understanding of chaos is a key design feature. Numerical simulations provide better understanding of the role of parameters in the initiation of chaos. Following the numerical simulations, analytical solutions are needed to provide design criteria in the parameter space which guarantee the prevention of chaos. This is a useful subject and is left as our future work. 
